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Abstract
Let M be a C1 n-dimensional compact submanifold of Rn. The boundary of M , ∂M , is itself a C1 compact (n− 1)-dimensional
submanifold ofRn. A carefully chosen set of deformations of ∂M defines a complete subspace consisting of boundaries of compact
n-dimensional submanifolds of Rn, thus the Baire Category Theorem applies to the subspace. For the typical boundary element
∂W in this space, it is the case that ∂W is simultaneously nowhere-differentiable and of Hausdorff dimension n − 1.
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1. Introduction
After the publication of Mandelbrot’s book, The Fractal Geometry of Nature [15], a whole industry of fractal-
finders sprang up. This trend reached a titular apex with Barnsley’s Fractals Everywhere [2]. It is not hard to show
that there are compact sets of every Hausdorff dimension d < n arbitrarily close to any compact subset of Rn. Should
we expect that “most” compact sets have non-integral Hausdorff dimension? The main result of this paper highlights
aspects of the boundary of a typical object we may see in Rn.
Let A be a complete metric space. The set M ⊂ A is called nowhere dense if the closure of M contains no open
set. A set is called meager if it is the countable union of nowhere dense sets. The complement of a meager set is
the intersection of a countable number of open dense sets, and is called generic. An element of the complement of a
meager set is called typical. The Baire Category Theorem states that in a complete metric space, the complement of
a meager set is dense. That is, in a complete metric space, generic sets are dense.
The space we will be working in is Kn, the set of all compact subsets of Rn, topologized by the Hausdorff metric,
defined in [12]. The space Kn endowed with the Hausdorff metric is a complete metric space, thus the Baire Category
Theorem obtains both in Kn and in any closed subset of Kn. A number of researchers have shown that for the typical
X ∈ Kn, the Hausdorff dimension of X, dimH (X), is 0. See, in chronologic order, [16,10,11,18,6,8]. Gruber, in
particular, has developed a powerful technique for proving these kinds of theorems (see especial [11]) in a variety of
settings. We seek an appropriate subspace of Kn in which to adapt his ideas.
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534 W.L. Bloch / Topology and its Applications 154 (2007) 533–539Let M ⊂ Rn be a C1 compact n-dimensional manifold with boundary. We say M is a frame-approximation. We
assign this term to M to suggest that when we first look at an object, we are merely seeing an approximation of
what it is. Now ∂M , the boundary of M , is itself a smooth compact manifold of topological dimension n − 1. The
frame-approximation space, Ff (M), is a precisely defined space of deformations of ∂M in the collar of M , or, more
generally, in a tubular neighborhood of M . The space Ff (M) is complete, thus the Baire Category Theorem applies.
Our “real-world” eye sees a boundary ∂X ∈ Ff (M). As we look ever closer at an object, we see more and more
detail emerge; indeed, fractal theory applied to the real world exploits this by assuming observable scaling properties
persist. We might expect, therefore, that if M ⊂ R3 was a frame-approximation, that the typical ∂X ∈ Ff (M) would
reveal ever-smaller bumps the “closer” we looked. Indeed, the first part of the Frame-Approximation Theorem states
that the typical ∂X is nowhere-differentiable.
Given this, we might expect that for a typical ∂X ∈ Ff (M), the Hausdorff dimension d of ∂X would be such
that n − 1 < d < n. The second part of the Frame-Approximation Theorem tells us that the typical ∂X is such that
dimH (∂X) = n − 1. In other words, the set of Y such that ∂Y has non-integral dimension is meager in Ff (M). By
intersecting two generic sets, we find that the typical element ∂X has a non-differentiable boundary of Hausdorff
dimension n − 1.
Throughout the paper, we exploit the dual nature of X as both a compact subset of Rn and as a point of Kn.
Accordingly, we use the following notations: Lower-case variables x represent points in Rn and we write d(x, y) for
the distance between two points. We use upper-case variables X to represent compact subsets of Rn, which are also
points in Kn, and we use script letters, such as U , for subsets of Kn. We also use I to represent the unit interval [0,1].
Finally, we use area(A) for the (n − 1)-dimensional area of a smooth (n − 1)-dimensional submanifold A ⊂Rn.
2. Typical boundaries
We seek a subspace of Kn which is a reasonable model of the space we live in and also allows us to employ the
Baire Category Theorem. Our goal is to understand the boundary ∂X of a typical X in the subspace. As it turns out,
it is not a simple matter to find a subspace that satisfies these two requirements. Consequently, the rest of the paper
breaks down as follows:
(1) A series of remarks on likely candidates for a “nice” subspace of Kn and the various reasons why each of these
candidates is untenable.
(2) The definition of the frame-approximation space.
(3) The Frame-Approximation Theorem.
Remark 1. One might wonder, “Why not utilize Kn itself?” The problem is, as noted in the introduction, the typical
element of Kn has Hausdorff dimension 0. We consider all physical objects of interest in the (classical) world we live
in to be of greater dimension than 0, which rules out Kn.
Remark 2. LetHd be the set of all X ∈Kn such that dimH (X) = d . In light of remark 1, natural subspaces to consider
are ⋃
0<dn
Hd or
⋃
n−1dn
Hd .
The problem this time is that the generic element X of Hd is a Cantor set (see [18,11]) and consequently has empty
interior. This implies that ∂X = X; hence the dimension of the boundary also equals d . Again, we think of the classical
world we inhabit as being filled with solid objects that have distinct lower-dimensional boundaries, so these subspaces
are ruled out.
Remark 3. Given the above, it is reasonable to consider the subset of all connected compact sets. Unfortunately
for our purposes, Bing’s argument [3] shows that the typical element of this subspace is a pseudo-arc, which is of
topological dimension 1 (see [14]). Gruber, in [11], has an elegant result: The typical pseudo-arc is also of Hausdorff
dimension 1 and possesses infinite 1-dimensional Hausdorff measure.
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• X consists of finitely many connected components.
• Each component of X contains an open ball of radius ε.
The subspace Dnε accords with our intuition in that every object we see consists of a finite number—maybe very
large—of connected components, each containing a solid ball, which may be very small. In [4], we show that although
Dnε is contained in a nowhere dense subspace of a meager subspace, it is complete, so it admits the Baire Category
Theorem. Furthermore, insisting that every component of an element of Dnε contains an open ball entails that every
element of Dnε is guaranteed to have a non-trivial boundary. Unfortunately, we also show in [4] that the typical
element X of Dnε is the disjoint union of a finite number of closed ε-balls, each of which has an attached pseudo-arc.
Consequently, dimH (∂X) = n − 1 and the typical element is nothing like what we perceive in the world.
Remark 5. The following four subspaces may be reasonable models for reality; however, in [4] we show that they are
meager; thus the Baire Category Theorem is inadmissible.
(1) The subspace in which each element X consists of a finite number of connected components, and the ith compo-
nent contains an open ball of radius εi .
(2) The subspace of all compact n-dimensional submanifolds of Rn.
(3) The subspace of all n-dimensional compact submanifolds of Rn that have diameter greater than some pre-
assigned ε.
(4) The subspace of all n-dimensional compact connected submanifolds of Rn that have diameter greater than some
pre-assigned ε.
Moral. The overwhelming sense we are left with after the preceding remarks is that the typical X contained in a
subspace of Kn is the minimal compact set that satisfies the defining conditions of the subspace. This is true both for
the topology and the Hausdorff dimension. It also seems to hold for the geometry, in the sense that a straight line is
somehow more artificial than a pseudo-arc.
The most appropriate complete subspace we have uncovered is as follows: Let M ⊂ Rn be any compact
n-dimensional C1-manifold with boundary—that is, M is a neat submanifold of Rn. Note that M must contain some
ε-ball, so it has meaningful n-volume, and also that ∂M is a C1-manifold of topological dimension n − 1. The latter
observation follows from the definition of a manifold with boundary.
A collar of a C1-manifold M with boundary is a C1-embedding f : ∂M × [0,∞) → M such that if x ∈ ∂M , then
f ((x,0)) = x. See [13]. Thus a collar on a manifold can be construed as a space in the manifold in which the boundary
can be pushed in along unique fibers. (In our particular case, since M is a neat submanifold in Rn such that ∂M is of
codimension 1, instead of a collar we could equally well utilize a C1 tubular neighborhood whose fibers are normal
to ∂M and envision deformations that also ‘push out’ into Rn.)
Define F(M) to be C0(∂M, [0,∞)), the space of all continuous maps from ∂M to [0,∞). This space has a
particularly nice geometric interpretation for our purposes. Let g ∈ C0(∂M, [0,∞)). First, identify g with its graph in
∂M × [0,∞),
g ≡ graph(g) = {(x,g(x)) | x ∈ ∂M}.
Now use the C1 collaring function f to map the graph into M . That is,
graph(g) ∼= {f ((x,g(x)))⊂Rn | x ∈ ∂M}.
In other words, g is equivalent to the boundary of a new compact manifold of dimension n created by deforming the
boundary of M inwards. Thus we identify g with a specific ∂Xg , which is both an element of Kn and the boundary of
an element Xg contained in Kn. Since the submanifolds ∂Xg depend on the smooth embedding collar function f , we
define Ff (M), the frame-approximation space of M , to be the subset of all such ∂Xg contained in Kn.
Equip F(M) with a standard metric for function spaces. For g,h ∈F(M), let
σ(g,h) = sup ∣∣g(x) − h(x)∣∣.x∈∂M
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completeness property of C0(∂M, [0,∞)) allowing the use of the Baire Category Theorem.
The Frame-Approximation Theorem. For n  2, and for M a C1 compact n-dimensional submanifold of Rn, the
typical ∂X ∈F(M) is as follows:
(1) ∂X is nowhere-differentiable. In fact, for a dense set of points in ∂X, at least one directional derivative does not
exist.
(2) dimH (∂X) = n − 1.
Throughout the proof, we work with a frame M such that M consists of only one component. The case of finitely
many components is a straightforward generalization.
Proof of (1). In essence, we simply adapt our circumstances to use Banach’s beautiful proof that the typical continu-
ous function from I to R is nowhere-differentiable. See [1] and especially [17].
Recall that each element of F(M) is defined as a function g mapping ∂M to [0,∞). Since ∂M is also a
C1-manifold, for each x ∈ ∂M there is a C1 diffeomorphism φx from Bn−1(0,2), the open ball of radius 2 cen-
tered at the origin contained in Rn−1, to an open neighborhood U of x such that φx(0) = x. Let ψx be another C1
diffeomorphism mapping some open set of Rn−1 to another open neighborhood V of x ∈ ∂M such that U ∩ V con-
tains φx(Bn−1(0,1)). Then for all g in F(M), the smooth maps φx and ψx induce charts at the point f (x, g(x)) in
the manifold ∂Xg . Consequently, the usual notions of differentiability may be brought to bear on the composition
(
f
(
x,g(x)
) ◦ ψx)−1 ◦ (f (x,g(x)) ◦ φx) :Bn−1(0,2) →Rn−1.
As the collaring function f and the charts φx and ψx for ∂M are all C1, evidently the smoothness of the manifold
∂Xg hinges precisely on the smoothness of the function g in F(M).
Taking the directional derivative in the x1 direction is equivalent to restricting the composition (f (x, g(x)) ◦
ψx)
−1 ◦ (f (x, g(x)) ◦ φx) to the closed unit interval I coincident with the x1-axis in Rn−1. Now apply Banach’s
proof. It yields that the directional derivative of the typical g ∈F(M) does not exist for any p in the closed unit inter-
val in the x1 direction. It follows immediately that the typical g in F(M), the corresponding ∂Xg is not differentiable
along the set of points (f (x, g(x)) ◦ φx)(I ).
Moreover, since the intersection of a countable number of generic sets remains generic, it follows that we can show
that for a countable dense set of radii in Bn−1(0,1) contained in Rn−1, the directional derivative exists for no point
on those radii. This entails that for the typical g in F(M), there is an open neighborhood W containing the point
f (x, g(x)) on the corresponding ∂Xg such that ∂Xg is nowhere differentiable on W .
Clearly, we can repeat this procedure for a countable dense set of x ∈ ∂X; again genericity of the result is preserved.
This entails that the surface of the typical manifold ∂Xg in Ff (M) corresponding to the typical g ∈F(M) is nowhere-
differentiable. 
Proof of (2). We first prove, for all ∂X ∈ Ff (M), that dimH (∂X) n − 1. This is easily seen by noting that via the
charts defined in the proof of part (1) of the theorem, ∂X is locally homeomorphic to Rn−1.
Now we show that for the typical ∂X, dimH (∂X) = n−1 by adapting Gruber’s method. (In the service of concision,
we will state Gruber’s approximation theorem from [10] in a weaker form than it appears there.)
Recall the lower box dimension of ∂X, dimB(∂X), is defined by
dimB(∂X) = lim inf
ε→0
lnFε(∂X)
ln 1
ε
,
where Fε(∂X) is the smallest number of sets of diameter at most ε that can cover ∂X. See [7].
We will show that for the typical ∂X, the lower box dimension (also know as the lower entropy dimension or lower
Bouligand dimension) is equal to n− 1. Since dimH (∂X) is less than or equal to dimB(∂X), this suffices to complete
the proof of (2).
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by
Fε(∂X) = sup
{
card(N) | N ⊂ ∂X, and for all x, y ∈ N, d(x, y) ε}.
Then the function Fε is upper semicontinuous on Ff (M) and equivalent to the definition of Fε used for lower box
dimension; see [10].
The version of Gruber’s approximation theorem we use is: For τ > 0 and an upper semicontinuous function Fε , if
the set
U =
{
∂X
∣∣∣ lim
k→∞
F 1
k
(∂X)
kn−1+τ
= 0
}
is dense in Ff (M), then for the typical ∂X, the inequality
F 1
k
(∂X) < kn−1+τ
holds for infinitely many k.
Let us temporarily assume that U is dense—so that the inequalities all hold—and finish the proof.
If F 1
k
(∂X) < kn−1+τ holds for infinitely many k, then for the typical ∂X, we obtain
lim inf
k→∞
lnF 1
k
(∂X)
ln k
 n − 1 + τ.
This entails that for the typical ∂X that
n − 1 dimH (∂X)
 dimB(∂X)
= lim inf
ε→0
lnFε(∂X)
ln 1
ε
= lim inf
k→∞
lnF 1
k
(∂X)
lnk
 n − 1 + τ.
Now let τ = 1/m. Define
U 1
m
=
{
∂X
∣∣∣ dimH (∂X) n − 1 + 1
m
}
and observe that for all m, each such set is generic. Thus if
∂X ∈
∞⋂
m=1
U 1
m
then ∂X is in the countable intersection of generic sets; therefore, ∂X is typical. Clearly, for such a ∂X, dimH (∂X) =
n − 1.
Thus, all that remains to prove is that the set
U =
{
∂X
∣∣∣ lim
k→∞
F 1
k
(∂X)
kn−1+τ
= 0
}
is dense in Ff (M). Begin by observing that the set consisting of smooth ∂W is dense in Ff (M). To see this, note that
smooth functions g are dense in F(M); now use the charts as in the proof of (1).
Now, let Bn−1(r) be a (n − 1)-disk of radius r centered at the origin in Rn. Then area(Bn−1(r)) is γ · rn−1 for
some constant γ depending on n.
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k
(∂W) is the maximum number of points in ∂M such that the distance between any two of the points
is greater than or equal to 1/k. Then, for a sufficiently large positive integer N , if k > n, by covering ∂W with disks
of radius 1/3k at a maximal set of points S 1
k
given by F 1
k
(∂W), it is the case that
F 1
k
(∂W) · γ ·
(
1
3k
)n−1
 2 · [area(∂W)].
This follows from the definition of F 1
k
(∂W) and the fact that ∂W is smooth: For x ∈ ∂W and sufficiently small 1/3k,
the (n− 1)-disk of radius 1/3k centered in the tangent plane of ∂W at x is an excellent approximation of the manifold
∂W at x. Since open n-balls of radius 1/3k centered at the points of S 1
k
do not even cover ∂W , the combined areas of
the disks is certainly less than 2 · area(∂W). By collecting constants, we obtain
F 1
k
(∂W)
kn−1
 c
for some constant c. Thus, for τ > 0, for all such smooth ∂W ,
F 1
k
(∂W)
kn−1+τ
 c
kτ
.
Hence,
lim
k→∞
F 1
k
(∂W)
kn−1+τ
= 0.
Therefore, the set U is dense in Ff (M) and the proof of (2) is concluded. 
3. Conclusion
The proof of part (2) of the Frame-Approximation Theorem easily generalizes to any subspace of Kn in which
• The compact sets are known to have boundaries with Hausdorff dimension greater than or equal to n − 1.
• Smooth (n − 1)-dimensional manifolds are dense.
• The Baire Category Theorem applies.
In such a subspace, the typical ∂X will be of Hausdorff dimension n − 1. However, Remark 4 indicates that the issue
of nowhere-differentiability may be moot in too large a subspace of Kn. We think it a worthwhile endeavor to find a
bigger subspace than Ff (M) that satisfies the conditions listed above. One might begin by trying to extend Ff (M)
to C0-manifolds or maybe C0-manifolds of finite (n − 1)-dimensional area. The spur to this is Brown’s proof that
C0-manifolds with boundary have collars [5].
A problem, however, is that the methods used in the proof of part (2) do not extend to C0-manifolds of finite
(n−1)-dimensional area. The crux of a counterexample is that a C0-manifold may have countably many cusps, where
the (n − 1)-dimensional area of the cusps rapidly goes to goes to 0. For such a manifold, the ratio of area(Bn−1(r))
to the area of thinner cusps blows up; consequently, the key inequality bounding F 1
k
(∂W)/kn−1 will not hold.
An interesting topological question concerns the subspace of Kn consisting of all compact n-dimensional sub-
manifolds of Rn. In Remark 5, we note that it is a meager space. However, we wonder if it is possible to find a
different metric under which this space is either complete—which seems unlikely—or perhaps a generic set of the
completion. In the latter case, the Baire Category Theorem obtains and one might be able to adapt the proof of the
Frame-Approximation Theorem to make a statement about the boundary of a typical n-dimensional manifold in Rn.
Another topological question: Is the typical element of Ff (M) of infinite (n−1)-dimensional Hausdorff measure?
Since it is infinitely and infinitesimally textured, we surmise that the answer must be “yes” and should not prove too
difficult to demonstrate.
Last, Gromov [9] has put a metric on the set of all metric spaces to create a framework to be able to examine,
among other things, such ideas as the evolution of objects over time. It seems possible that his ideas may be applied
to find an appropriate and “large” subspace of Kn, or some larger space of metric spaces, in which the conclusions of
the Frame-Approximation Theorem hold.
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